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Abstract. We prove the global L 2 x L 2 — > L 1 boundedness of bilinear Fourier integral 
operators with amplitudes in Si i0 (n, 2). To achieve this, we require that the phase 
function can be written as (x,^,r)) h-> ipi(x, £) + <p2(x,rf) where each ipj belongs to the 
class "J> 2 and satisfies the strong non-degeneracy condition. This result extends that of 
R. Coifman and Y. Meyer regarding pseudodifferential operators to the case of Fourier 
I integral operators. 

o 

^ 1. Introduction 

O 

We study bilinear Fourier integral operators T a ^ denned to act on Schwartz functions 
/ and g by the formula 

<~M T a>ip (f,g)(x) = JI a(x,C,v)m)9(v)e iv{x ^^a V , 

Ph where d is Lebesgue measure normalised by the factor (2ir)~ n , so d£ = (27r) _n d£ and 

dn = (2vr)- n dr/, and 

-5 /(£ = / /(x)e-^dx 

a 

is the Fourier transform of /. The function a: Mr x Mr x Mr — > C is called the amplitude 
i of T aiV and ip : W l x Mr x Mr — > R is the phase function or phase. 

The study of bilinear Fourier integral operators was initiated by L. Grafakos and 
M. Peloso [7], where the authors study the local boundedness of bilinear Fourier integral 
operators on Banach and quasi-Banach LP spaces. 

Of interest in relation to this paper are their results concerning phases of the form 

in which case we write T aifi = 1,ip2 . They assume a G 5™ (n, 2) (see Definition 1.1 below) 
is compactly supported in the first variable, and the phase functions ipj G C°° (M n x (R n \ 
{0})) are homogeneous of degree 1 in the second variable and verify the non- degeneracy 
condition 

\detd 2 x ^(x,0\^0 

for j = 1,2. They then deduce that the bilinear operator T^ 1 '^ 2 is bounded from L qi x 



X 

5-H 



L q2 — > U with — + i = i and 1 < gi, qi < 2, provided that the order 

m ^ -fn - 1) ( | 1 + | 

The definition of ^^(n, 2) is due to R. Coifman and Y. Meyer [3]. However recalling the 
definition of the symbols of general linear pseudodifferential operators as in L. Hormander 
[9], one can define a more general class of bilinear amplitudes, which has been extensively 
studied in A. Benyi, D. Maldonado, V. Naibo and R. Torres pQ. 
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Definition 1.1. Let m G R, ^ 8 ^ 1, ^ p ^ 1. A function a G C°°(IR n x R n x M n ) 
belongs to the class 5^(71,2), if for all multi-indices a, (3 and 7, t/iere exist constants 

l^afgMs.MI < c aA7 (i + |ei + \rj\r~ 

Now we digress slightly to recall the definition of linear Fourier integral operators, as 
this will provide the necessary setting for further background results and be useful in the 
proof of the main result. They are operators given by 

T*tf)(x)= [ a(x,0f(0e Mx >°<%, 



for a Schwartz function /. The given function ip: M. n x M n — > R is the phase of 
and a: W 1 x M n — > C is its amplitude. In [5], D. Dos Santos Ferreira and W. Staubach 
made a systematic study of the regularity of the aforementioned linear Fourier integral 
operators with both smooth and rough amplitudes and demonstrated various boundedness 
results under appropriate conditions on the amplitudes and phases. One of the classes of 
amplitudes considered in j5] was the Hormander class, which is defined as follows. 

Definition 1.2. Let rn G R, < 5 < 1, ^ p s$ 1. A function a G C°°(IR n x R n ) belongs 
to the class S™ s (n, 1), if for all multi-indices a and (3, there exist constants C a $ such that 

\d?d£a(x,0\^C a ,p(O m - plal+m , 

where the notation (■) stands for (1 + | • I 2 ) 1 / 2 . 

Here we would like to remark that the notation S™ s (n, 1) is to emphasise the linearity 
of the operators associated to the amplitudes in S™ s {n, 1), in contrast to the bilinear 



operators associated to 5"^(n, 2) from Definition 1.1 Indeed S™ s (n,N) denotes the class 
of amplitudes corresponding to iV- linear operators (see [11] ) . 

The class of phase functions introduced in [5] will, in the case of k = 2, play an 
important role in our study here. Therefore we recall the definition of these type of phases. 

Definition 1.3. A real-valued function ip: M. n x M. 71 — > R belongs to the class <& fc , if 
ip £ C°°(M n x W 1 \ {0}), is positively homogeneous of degree 1 in the second variable, 
and satisfies the following condition: For any pair of multi-indices a and (3, such that 
\a\ + ^ k, there exists a positive constant C Qj/ g such that 

sup icr 1+H |a^Mx,e)i^c^. 

(ai,£)eR™x]R™\{0} 

It was shown in [3] that it is necessary to assume the so called strong non- degeneracy con- 
dition on the phases, in order to guarantee global regularity. The strong non-degeneracy 
condition is defined as follows. 

Definition 1.4 (The strong non-degeneracy condition). A real valued phase ip G C°°(lR n x 
W 1 \ {0}) satisfies the strong non- degeneracy condition, if there exists a positive constant 
c such that 

I det d l,^j{ x ^)\ > C ! 

for all (x, G R" x R" \ {0}. 

We remark that phases in class <3? 2 satisfying the strong non-degeneracy condition arise 
naturally in the study of hyperbolic partial differential equations, indeed a phase function 
closely related to that of the wave operator, namely (p{x, £) = |£| + x ■ £ belongs to the 
class < I )2 and is strongly non-degenerate. 

In the context of our current investigation, a useful result regarding the global bounded- 
ness of linear Fourier integral operators was established in Theorem 2.2.6 of [S] . This result, 
which is stated below, applies to operators with symbols belonging to the class S™ 5 (n, 1). 
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Theorem 1.5. If m = min{0,ra(p - S)/2}, < p < 1, < <$ < 1, <r G S% s (n,l) and 
if G < 3? 2 satisfies the strong non- degeneracy condition, then the operator is bounded 
on L 2 (R n ) and its norm is bounded by a constant depending only on n, m, p, p, c in 



Definition \1.4\ and a finite number of C a ,p appearing in Definitions 1.3 and 1.2. 

In [12], S. Rodriguez-Lopez and W. Staubach prove the boundedness of linear Fourier 
integral operators with amplitudes in the class L p S™{n, 1), first introduced by N. Micha- 
lowski, D. Rule and W. Staubach in [llj . Here we recall the definition of the class 
L p S™(n,l). 

Definition 1.6. Let 1 ^ p ^ oo, m G M and ^ p ^ 1 be parameters. A symbol 
a: W 1 x W n — > C belongs to the class L p S™{n,\) if for each multi-index a there exists a 
constant C„ such that 



sup 



(0~ m+p|a| n^(-,e)ii 



LP(R n ) 



The motivation for introducing the class L p S™{n, 1) in [TT] is that it proves useful in 
the study of bilinear operators. Indeed, the global regularity of bilinear Fourier integral 
operators with amplitudes that are neither compactly supported nor smooth in the first 
variable is studied in |12j in part by proving the following linear result (which is also of 
direct use to us in this paper) . 

Theorem 1.7. Suppose that 2 ^ p ^ oo and let r = 2p/(p + 2). Let a G L p S™(n, I), 
tp G <3? 2 satisfy the strong non- degeneracy condition and assume m < n(p — l)/2. Then 
the operator T„ is bounded from L 2 (M. n ) to L r {R. n ) and its norm is bounded by a constant 
depending only on n, m, p, p, c in Definition 1.4, and a finite number of C Qj( g and C a 
appearing in Definitions 1.3 and \1.6\ 



And so, we return to our main subject of interest: bilinear Fourier integral operators. 
In |12j it was also shown that if tpi, tp% G < I )2 verify the strong non-degeneracy condition, 
and a verifies the estimate 

-M-I0I 



< a 



then T,f 1,1/32 is bounded from L qi x L« 2 
and 

m < — (n — 1) 



i + iei + ki 

L r provided that 



31 



92 ' 



1 


1 


+ 


1 


1 


Qi 


~ 2 


Q2 


~ 2 



Moreover in the case m < 0, if the phases ip~ G C°°(W n x M n ) are inhomogeneous, strongly 
non-degenerate and verify the condition \d^d^ifj(x,^)\ ^ Cj,a,p f° r J = 1, 2 and all multi- 
indices a and ft with 2 ^ \a\ + \/3\, then jf 1 ^ 2 is bounded from L 2 x L 2 — > L 1 . 

The goal of this paper is to extend the results in [7| and [12] described above to the case 
of the end-point m = 0, q\ = q2 = 2 and r = 1 for bilinear Fourier integral operators with 
strongly non-degenerate phases in class $ 2 . More precisely we will prove the following 
theorem. 

Theorem 1.8. Suppose that a G S® (n,2) and <£i,</>2 £ ^ 2 satisfy the strong non- 
dengeneracy condition. Then there exists a constant C such that 

\\ T a 1,V2 {fi9)\\L\M.^) < C||/llL 2 (R")ll5llL2 (K n ) 

for all Schwartz functions f and g. 



The methods used to prove Theorem 1.8 are significantly different from those employeed 
in [7] and [12]. As is frequently done, we apply different methods in different frequency 
regimes. The first is when either £ or n is small. In this case we can write the bilinear 
operator as an iteration of linear operators, as in |11| . and use known results for linear 
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operators. The second is when both £ and r/ are large. Due to the symmetry of the operator 
and the fact we are interested in a bound in terms of the L 2 -norm of both / and g, we 
can further reduce this case to when \rj\ ^ 2|£|. Here we use a decomposition introduced 
in [3] for the proof of the corresponding result for pseudodifferential operators. However, 
where they go on to use Carleson measure techniques, we must combine a quadratic T(l)- 
Theorem of M. Christ and J.-L. Journe [2] with commutator-type estimates. 

To keep the notation as simple as possible, constants which can be easily estimated 
by given parameters are all denoted by C, even though the precise values will vary from 
from line to line. We also use the notation A < B, if there exists a constant C such that 
A $J CB. For clarity, we sometimes indicate the parameters on which a constant depends 
as subscripts. 



2. The Proof of Theorem 11.81 

We introduce a smooth function \x: W 1 — > M. such that = for |£| ^ 5 and = 1 
for |£| ^ 6. Observe that 

IT "»(/, g) = IT '^(rim v(D)g) + Tr ™{p.{p)f, (1 - v)(D)g) 
[ ' +T^((l-ri(D)f,g), 

where [i(D) and (1— /u)(D) denote the Fourier multiplier operators given by (/i(.D)/)~(£) = 
and ((1 - M )(Z))/r(0 = (1 - m)(0/(0 respectively. 
To estimate the L 1 -norm of the last two terms in we can make use of linear bounded- 
ness results by viewing the bilinear operator as an iteration of linear operators. We can 
write rr >¥,2 ((l -/*) (D)f, g) as 

T^{{l-ri(D)f,g){x)= [ (| v&MgWe^riaJ) (1 - /iJCO/CO^ 1 ^^ 

^ a»(x,O/(Oe* l(x ^ = ^C(/)C*0. 

where 

a ff (x,0 = (l-^)(0 / ^e^^e^^dr?. 
Using the fact that a G 5° (n, 2) C Sq (^, 2) we get 



sup |OT](7(l,(,J?)|<l. 

a; £ i _ " "' ' 



Therefore, bearing in mind the support properties of a g , applying Theorem 1.5 we find 
that 



sup (0- m+]a] \\d?* 9 (;0h*m < 



1.7 



wc sec 



for any m < 0, and so a g G L 2 5'™(n, 1). Fixing m < and applying Theorem 
that T^ 1 is bounded from L 2 (IR n ) to L 1 (M n ) with norm of size ||<7||£2nR™)' Consequently. 

\\T^((l-n)(D)f,g)\\ L1{Rn) < \\f\\ L 2 m \\g\\ L ^y 

Similarly, interchanging the roles of / and g in the previous argument, we can see that 

\\T*w(ji(D)f, (1 - »)(D)g)\\ Lim < \\f\\ L 2 {Rn) \\g\\ L 2 (Rn) . 

We now turn our attention to Ta 1,ifi2 (fi(D)f, /i(D)g). Let us introduce two smooth 
cut-off function x,v. M 2n — > E, such that x(£i r ?) = 1 f° r Kd 7 ?)! ^ 1 an d X^i 7 ?) = for 
| (f, 77)1 ^ 2, and 1/(^,77) = for 2|£| < |t/| and i/(f,fj) = 1 for 2|r/| < 
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Defining 

0"o(», f , rf) = X(d ^)°"(>, £, »7) 3 
o-i (», = (1 - X{£,v))v(^v)v{x,£,ri) and 
0-2(3;, £, ??) = (1 - - > ??))c r (x, £, 77), 

we have that (To, <ti, 02 belong to the class Si (n, 2) and we can decompose 
(2) T£ im (ii(D)f, fi(D)g) = T^(^D)f, f i(D)g) + T^( f i(D)f^(D)g). 

We observe that it suffices to control the L 1 -norm of merely one of these terms, say 
Ta± ,ip2 (fi(D)f, [i(D)g), because once again the other can be controlled in the same way by 
interchanging the roles of / and g. 

Following the analysis on pages 154-155 of [3 J we introduce an even real- valued smooth 
function ifi whose Fourier transform is supported on the annulus {£ | 1/2 |£| ^ 2} such 
that 

\m)\ 2 j = 1 

for £ 7^ 0. Let 6 be another real-valued smooth function whose Fourier transform is equal 
to one on the ball {£ | |£| ^ 4} and supported in {£ | |£| ^ 5}. Then 

T^(KD)f,v(D)g)(x) 

for ai t t(x,^/t,rj/t) := ai(x,^/t,rj/t)t/j(^)6(rj). Using the Fourier inversion formula, 

dudv 



(4) cx M (x,e,r / ) = J J e^^m(t,x,n,v) Ti + H2 + H2)N 

where 



m(t,x,u,v) : = // e-^-^[(l-A f -A 7 ,)V*(^»e^)]^d7 ? 



for any large fixed N GN. 

Since the (£, ?7)-support of a\ t t is contained in a compact set independent of t and x, 
and all (x, £, rj)- derivatives are bounded independently of t, we see that d%m(t, x, u, v) 
is bounded for each multi-index a. Combining this with ([3]) and Q we arrive at the 
representation 

T^(^D)f^{D)g)(x) 

(5) = / If wwwwwwm*) (1 + h 2 7hV J dudv 

for any large fixed N £N. Here 

2?' (/)(*) = J niOmy^'^^ for j = 1,2, 

= 0**/ and Q£( ff ) = with 6 v t {x) = t- n 9{x/t + v) and ^(z) = t- n ^{x/t + u). 

We observe that 



Since = for |£| < 5 and 0(if) = for \t£\ > 5, then = for i > 1 and 

consequently T^ 1 (P^(f))(x) = for i > 1. Using this fact, together with ([5]) and duality, 

l ) 

didx 



to bound HT^ 1 '^ 2 (/, 5) [|x,i(K-») it suffices to control 



Tp (P?(f))(x)T£* (Q«(g))(x)b(x)m(t, x, u, v) 
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with at most polynomial growth in u and v for arbitrary b £ L°°(W l ). Introducing the 
radial function tpQ whose Fourier transform is compactly supported on an annulus and 
equal to one on the support of the Fourier transform of if), we define ijjQt(x) = t~ n ipQ(x/t) 
and Qo,t{g) = ipo,t * 9- Let MT' V denote the L 2 -bounded operator which is mulitiplication 
by b(x)m(t,x,u,v), that is M t ' v (f)(x) = b(x)m(t,x,u,v)f(x), and let T/f 2 '* denote the 
adjoint operator of T^ 2 . Then Qt(g) = Qt(Qo,t(g)) and so, using the Cauchy-Schwarz 
inequality, 

1,1 dfdr 
T^(P?(f))(x)Tp(Q?(g))( X )b(x)m(t,x,u,v) — 



ss: 



< 



, dtdx \ 



IJ\Q^*MrTppn(f)(x)QoA9)^ 

jj\{Q u t T^*M? v TpP?){f){x) 
Jj\(Q u t T^*M'rT^P?){f)(x) 



dtdx 



t J 
9 dtdx \ 

— ) 



1/2 



1/2 



o °° \Q A9)(x)\ 2 ^y 2 



\9\\l 2 (R")- 



The last inequality follows by repeated application of Plancherel's Theorem and the fact 
that -00 is supported on an annulus. Indeed, 



\QoA9)(x)\ 2 



dtdx \ 1/2 



(6) 



\Uom\ 2d f) 

\MtO\ 2 ^\g(0\ 2 ^ 



1/2 



1/2 



< 



1/2 



\g(x)\ 2 dx 



1/2 



Therefore, the proof of Theorem 1.8 will be complete if we can prove the quadratic estimate 
JJ o \{Q u t T^*M^T^P-){f){x)\ 2 



(7) 



> <l/dx\ 



< 



™)H/llL 2 (R™)- 



In what follows we will use the L 2 -boundedness of the operators Tfi 1 



1.5 



and Tff 2 , which 



since \i G Sq (u, 1) and <pi,tp2 are strongly non-degenerate 



is guaranteed by Theorem 
phases in $ 2 . 

To obtain ([7]), we wish to apply a quadratic T(l)-theorem. This requires two hypotheses: 
kernel estimates; and a cancellation condition (the T(l) condition). Unfortunately it is not 
clear how to demonstrate either of these hypotheses for the operator QfT^ 2 '* M^^T^ 1 Pf 
which appears in ([7]). However, let us suppose for a moment that we could commute oper- 
ators at will. Define the operators Mb and M m by M&(/)(x) = b(x)f(x) and M m (f)(x) = 
m(t,x,u,v)f(x), respectively. Because M^' v = M m Mb, commuting operators would lead 
us to consider T^ 2 '* M m Qf MbPfT^ 1 . This composition is much more amenable to the 
method mentioned above. This is because T^ 2 '* M m is bounded on L 2 (M n ), uniformly in 
t and appears on the left of the composition, so can be disregarded when trying to prove 
a quadratic estimate. Furthermore X^f 1 is t-independent, L 2 -bounded and appears on the 
right of the composition, so can also be disregarded. This leaves us with the task of prov- 
ing a quadratic estimate for QfMbPt- This operator does satisfy kernel estimates and the 
T(l) condition in this context is simply the fact that QfMbP^(l) = Qt(b) gives rise to a 
Carleson measure, which is well-known. For the remainder of the paper, we will fill in the 
details of this heuristic argument. 

The following theorem gives us three equalities. The first makes precise the extent to 
which we may commute T^f 1 and P^. Although we cannot commute Qf and Tff 2 '* in a 
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manner which is acceptable to us, the second equality says there exist operators J7" and Rt 
such that Q^T^ 2 '* = U^Rt modulo an acceptable error, where Rt has the same properties 
as and Uf is an operator bounded uniformly in t. The third equality shows us that 
the commutator of Rt and M m is sufficiently well-behaved. 

Theorem 2.1. For < t ^ 1, u, v G R n , there exist operators W\ t , W% t , W^f , 

and a radial smooth function p supported in an annulus centred at the origin such that 

(i) [T%\P?\ := T^Pf - P t v T^ = V t v + Wf p and 

(ii) TpQ? = W% t + R t U?, 

(iii) [Rt, M m ] := R t M m - M m R t = W^f 

where Rt is the multiplier operator defined by 
Moreover, there exists e > such that for any < t ^ 1 

\\W? )t (f)\\v<R») + \\W% t (f)\\ L2{]Sln) + ||W 3 y(/)|U 2 (Kn) < ^l/llz^R"), 

l|£W)IU 2 (R«) £ II/IIl2(R") ^ 

(8) ff\v t v (f)(x)\ 2 jdx<\\f\\l 2{Rny 

The implicit constants here depend on e, but not on t and only polynomially on u and v. 



We will postpone the proof of this theorem until Section [3j Using Theorem 2.1 (i 
can compute 



wc 



Jf \(Q^*M'rT^p t v )(f)( X )\ 2d ^ < j£ KQ^MrPt^wi 
+ JJ\( Q ^'*Mrvn(fKx)\ 2d ^ + JJ\(Q?T^*Mrwi t )(f)(x)\ 



9 dtdx 

xv 



t 

2 didx 







Jj\(Q?T^>*M?> v P?T^)(f)(2 



< a i(QrTr'*Mrw)(/)wi 2 ^ + ii&iii-(R")ii/iii 2( M")- 



Using Theorem 2.1 (ii) we have 

,dtdx 



2 l 



ff\{Q u t T^*MrP?T^)(f){x) 

< JJ\(urRtMrPtT^)(f)(x)\ 2d ^+ ff\(wz;Mrp t v T^)(f)(x)\ 2d ^ 

I' I' 1 dtdr 
<JJ o \(R tM rP?T^)(f)(x)\ 2 — + ||6||i» CR » ) ||/||^CR-). 
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Finally, using Theorem 2.1 (iii)| we have 

J J 1 \ { R tM rP t v T^)(f)(x)\ 2d ^ = j£ \(R t M m M b P^)(f)(x) 



, dtdx 



< 



jf \(M m R t M b P?T^)(f)(x)\ 2 ^ + Jj* \(W^M b P?T^)(f)(x)\ 



t 

2 dtdx 



< 



t 

r r 1 ( 

JJ Q \(M m R t M b P t "T^)U){xY 2 



dtdx 



+ sup / \(M b P?T^)(f)(x)\Mx 

t>0 



< 



,dtdx 



\(R t M b P?T^)(f)(x)\ 2 ^- + llftllioo^H/^CR"). 



t 

Given that T^f 1 is an L 2 -bounded operator and independent of t, to prove ([7]) we only need 
to prove 

f f°° dtdr 

(9) J J Q \(R t M b Pn(f)(x)\ 2 — < iifciii-^ii/iii,^). 

Now we recall Theorem 1 from [2], which is the quadratic T(l)-theorem that will be 
useful to usQ It concerns a family of operators {T t }t>o which are defined as integration 
against a kernel: 

(10) T t (f)(x) = J K t (x,y)f(y)dy. 

Estimates of significance for the kernel Kt are 

C 1 

^(l + |x-y|//) 
C \h/t\ 



11) \ K t{^y)\<^Tr—, ; ,.sn+i and 



(12) \K t (x,y + h)-K t (x,y)\^ 

(1 + \x- y\/t) 

for \h\ < t/2. 



Theorem 2.2. Suppose the kernel of Tt given by (10) satisfies estimates (11) and (12) 
for some constant C < oo together with the Carleson measure condition 

(13) sup-S^/ / m(l)(z)| 2 =Ua 

Q \Q\ Jo JQ t 

Then the quadratic estimate 



J Jo ™ ){X) 



2 ~j~ ~ ll/ll|2(R")- 



holds. 

Now, we have that 

\x\ N \d a 6(x + v)\ < \x + v\ N \d a 6{x + v)\ + \v\ N \d a 0{x + v)\ < 1 + \v\ N 
for any N ^ and multi-index a, since 6 is a Schwartz function. Therefore 

(v) N 

1 t{ >l ~ t n +\«\(x/t) N 



and so 0\{x — y) satisfies (11) with a constant C that only depends polynomially on v. 
By the mean- value theorem, Q\(x — y) also satisfies (12). It is even easier to see that the 

"This result is implicit in the work of R. Coifman and Y. Meyer [3] . Now there are also generalisations 
in the form of local T(6)-theorems, see, for example, S. Hofmann |10j . 
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kernel of Rt, which we can write in the form nit(x — y) := p{t-)'{x — y), also satisfies ( 11 ) 
From these estimates it follows that the kernel of {RtM^P^) 



(14) 



K t (x,y) = / m t (x - z)b(z)6 v t {z - y)dz 



also satisfies estimates ( 11 ) and ( 12 ). This may be seen by splitting the integral in ( 14) into 



integration over two half-planes H x and H y containing x and y, respectively, with common 
boundary being the hyperplane perpendicular to the line segment passing though x and 
y and containing the mid-point (x + y)/2. Clearly then \y — z\ ^ \x — y\/2 when z G H x 
and \x — z\ ^ \x — y\/2 when z £ H y so we may conclude 



mt(x — z)b(z)8" t {z — y)dz 



mt{x — z)b{z)6t (z — y)dz + / m t (x — z)b(z)9f (z — y)dz 

H X J Hy 



< / <(x - z)/t)-^ +1 \(z - y)/t)-^ +1 h- 2n dz 



H x 



+ / {(x- z)/t)- {n+l) {{z-y)/t)- { - n+1) t- 2n dz 



< ((x - y)/t)-^ / ((X - z)/t)-^ +1 h- n dz 



Hx 



+ ((x-y)A)"(" +1 ) / ((z-y)/t)-^ +1 k- 2n dz 



Hy 



<t- n ((x-y)/t)-^ +1 \ 



This proves (11) and (12) follows similarly (see [8] and also page A-36 in [6]). 
The measure 

\(R t M b Pn(l)(x)\ 2d ^ = \R t (b)(*)\ 2 ^ 
is a Carleson measure, since b € L°°(R n ) C BMO(M n ) and mt has mean-value zero (see 



Theorem 3 on page 159 of [13]), whence we have estimate (13). Therefore, we may apply 



Theorem 2.2 and obtain fl9h as required. 



3. Proof of Theorem 12.11 

Both and are convolutions with smooth functions and hence multipliers. To deal 
with both such operators together we define 

Rt(f) = J p(tof(ay x< dt, 

where we have in mind that p will eventually be assumed to have properties similar to 
those of ip or 9. To be precise, it is sufficient to assume (x, £;) i-> />(£) belongs to Si {n, 1). 
Define 



(15) 



T£{f){x) = J atiOfdV^dt, 
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for a smooth amplitude (x, £) \-t at(£) which belongs to Sq (h, 1) uniformly in t G (0, 1) 
and ip G $ 2 satisfying the strong non-degeneracy condition. Now we can compute 

(R t Tl)(f){x) = f p(try) (J (J a t (0f(C)e l ^d^ e'^dy) e^dr, 
= III '°(^) a '^) ei(a; ~ ?/) ' r ' + ^ (y ' ?) ~^ (a: ' 5) ^^) e ^ (:C ' 0a ^ d y 

:= J at^omy^^, 

where 

(16) a t (x,0 := a t (0 [ [ ^n)e^-^ +i ^^-^^ndy. 



Therefore RtT^f can be represented as a Fourier integral operator with phase function <p 
and amplitude at- Now we would like to understand the behaviour of at- To this end we 
start with the following proposition. 

Proposition 3.1. Assume that ip G C°°(IR n x R n ) is such that 

(i) for constants C\ and C2 one has Ci|£| ^ | V x tp(x, £)| ^ C2 for all x,£ G W 1 , 
and 

(ii) for all \a\, |/?| ^ 1 one has \d"(p(x,£)\ ^ C a (£) and \dfdx<p{x, £)| ^ C Qi/ 3, /or aZZ 

Then, for each e G (g'l); faere exisi M = M(e) and p = p(e), both greater than zero, 
such that (|16l) can be written as 



t\<*\ 

(17) a t (x,0 =p(tVMx, 0)a*(0+ V -r ff a (t, x, + fr(i, x, 0, 

0<|a|<A/ 

for t G [0, 1], where for all multi-indices (3 and 7 one /ias 

\djd^a a {t,x,0\ ^ C QA7 r e|a| and 

|^r(t,a;,OI<C a)j9 . 

Proof. First we remark that it is sufficient to prove the proposition in the special case 
at(£) = 1 in (16). The general case may be obtained by multiplying (17) (with a t ({,) 
replaced by the constant 1) by at(£) and observing that all the claimed properties hold 
for the product since a t G Sq (i7,, 1). 

Let x(x - y) G C°°(IR n x E n ) such that ^ x ^ !> xO - V) = 1 for \x - y\ < § and 
x(x — y) = for \x — y\ > e. We now decompose ot(x,£) into two parts Ii(i, x,£) and 
l2(t, x,£) where 



h(t,x,0 = J J p(t v )(l- x (x-y))e^-y^+My,0-M^) dr]dy ^ 

and 

h(t, x,0 = jj p(trj) x(x - y) e^-vyn+Mv^-M^) dr]dy . 
We begin by analysing Ii(i, x, £). To this end we introduce the differential operators 

Because of the conditions on the phase function one has \(V y ip(y,£)} 2 — iA y p(y,^)\ ^ 
Wy^iUi C)| 2 ^ Ci(C) 2 - Now integration by parts yields 

li(t,*,0 = // {e-^Lf [(1 - X (x - n))p(in)]} e ^+M^)-M*,€) a??dw . 
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Now since t ^ 1, provided M < Ni, we have 

\d^ P (t v )\ < ^(^)-^ = Cjv x ^(^)" M (^)- (iVl - M) 

< t^(t 2 + Itr/I 2 )-^ 2 ^)-^-^ < C Nl t N ^ M ( V )- M . 
Therefore, choosing N2 < M < N% large enough we have, 

\Ii(t lX ,t)\^- M ($-™* 



(v) 2N2 \x-y\- 2N Hv)- M dvdy<t N ^ M (0- 2N2 - 

i\x-y\>e 

Estimating derivatives of Ii (t, x, £) with respect to x and £ may introduce factors estimated 
by powers of (£), (77) and |x — y|, which can all be handled by choosing N\ and N2 
appropriately. Therefore for all iV and some v > 

and so i _! Ti(t, x, £) forms part of the error term r(i, x,£) in (17). 

We now proceed to the analysis of l2(t, %,£)■ First we make the change of variables 
7] = V x cp(x,£) + C in the integral defining l2(i,x,£) and then expand p{trj) in a Taylor 
series to obtain 

p(WM^O + K)= E i H ^(^»(tV^(x,e))+t M 2 c Q rr a (x,e,c), 

0<|a|<M " \a\=M 

where r (z,£,C) = / (1 " s) M -\d£p)(tVM^O + 

JO 



If we set 
we obtain 

where 



H%, y, = <p(y, - <p(x, + ( x ~y)- v^x, £), 

t\<*\ 



\a\<M 



\a\=M 



a a (t,x,0 = jj <" "-■■"■■■"■-C \\-r //) (d^p)(tVMx,0)dydC 
= (d£ P )(tVM*,t))% [j* ix **>x(x - y) 

and 

Ra(t,x,{,) = 

J J 

We now claim that 

' < (0 |7|/2 - 



y=x 



(18) 



y=x 



We first observe that when 7 = 0, (18) is obvious. To obtain (18) for 7 / we recall 
Faa-Di Bruno's formula: 

gyj9(.x,y£) = C 7 (aj 1 $(x, 2 /,e))---(9 2 J fc $(x,y,e))e i ' I> ( a; '^. 
71 H \-lk=l 

where the sum ranges of jj such that |7j| 1 for j = 1,2, . . . , k and 71 + • • • + 7fc = 7 for 
some k £ N. Since 3>(x, x, £) = and d y &(x, y, £)\ y=x = 0, setting 7/ = x in the expansion 

above leaves only terms in which |tj| 2 for all j = 1,2, . . . , k. But Y2j=i l7jl ^ |7|> so 

we actually have 2/c ^ |7|, that is ^ Assumption (ii) on the phase tells us that 



\d^^>(x,y,0\<(0, 



so 



Q1 e i9{x,y,i) 






y=x 



<(0---(0<(0 k <(0 hl/2 , 
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which is (18). 

If we use the fact that t ^ 1 and assumption (i) on the phase function cp, we obtain 

w a (t,x,o\ < <tv^(*,or H <o^ < t-^{tvMx,a)r lal (to^ < t-^, 

when \a\ > and, clearly, a a (t,x,t;) = p(tV x ip(x,^)) when a = 0. 

The derivatives of a a with respect to x or ^ do not change estimates when applied to 
p by the assumptions of the lemma. When applied to dy e l ®( x ' y '^\ y=x they do not change 

estimates since \d^d^(p(x, £)| ^ C a p. Therefore for all multi-indices /3, 7 € Z+, 

\ala^a a (t,x^)\^c Pa r^. 

as required. 

To estimate the remainder R a , we take g G Co°(M n ) such that g{x) = 1 for |x| < r/2 
and <?(x) = for > r, for some small r > to be chosen later. We then decompose 

R a (t, x, = R T a (t, x, + R tt a {t, x, £) 

c 



JH*,v,Z) x (x-y)r a (t,x,t,0 



dydC 



+ 



J(x-y)-C ( 1 



(0 



D<: 



^y^x(x-y)r a (t,x^,C)] dydC 



As a preamble to estimating R^(t,x,£), we note that the inequality 

(0<l + |£|<>/2<£>, 



and assumption (i) on the phase function ip yield 
(V,^(x,0 + <) ^(C 2 V2 + r)(0 
y/2{V xV >(x, + sO >1 + \Vx<p\ ~ ICI > &*<p) ~ ICI > (Ci - r)<0- 

Therefore, if we choose r < Ci, then for any s G (0,1), (V x ip(x, £) + s0 and (£) are 
equivalent. 

This yields that for |£| ^ (*> ^> £j C) an d all of its derivatives are dominated by 

{t£)~ ■ Furthermore, for t ^ 1, it follows from the properties of r a that 

' c 



$[9 



(0 



»*a(i,:E,f,C) 



< ^ (|y) C^^^CC) 



(19) 



^a l/3 t- £H (o- |/3h£|Q| , 

for all e G (A, 1). 

At this point we also need estimates for QPe**^*'^ off the diagonal, that is, when 
x ^ y. This derivative has at most \a\ powers of terms V y <p(y,t;) — V x ip(x,^), possibly 
also multiplied by at most \ a\ hig her order derivatives d y ip{y,^), which can be estimated 
by (\y — £|(£))' a ' by property (ii) of the phase function. The term containing no difference 
^yf{Vii) ~ Va;¥?(x,£) is the product of at most \a\/ 2 terms of the type dyip(y,^), which 
can be estimated by ^)l a l/ 2 in view of property (ii) These observations yield 

and therefore we also have 



(20) 



V 



j*<™*\(x - y)] < (1 + \x - y\(0) H (0^ 
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Now to estimate R^t, x, £), let 



r = V \U ^C) go L N e i( X -y H = e i( X -y H _ 

* i i /t\2|„ „.io' 



:i - (o 2 a c ) 

l + (0 2 \x-y\ 2 
Integration by parts with yield 

Ri(t,x,o 

e 

[1 + (Z) 2 \ X - y\2)* ^ VS/ T V(0 



i{x-y)< flat r v c T _ \ p i$(x,y,£)] f / f \ i 



Using estimates (|19j), (|20j) and that the size of the support of g(C/(Q) i n C is bounded by 
(r(0) n , yield 



|a|//r\2n+(|-e)|a| 



if we choose 2iV > re, and the constant C is independent of f (because of (fl9|)). The 
derivatives of x, £) with respect to x and £ give an extra power of ( under the integral. 
This amounts to taking more y-derivatives, yielding a higher power of (£). However, for a 
given number of derivatives of the remainder R&(t, x, £), we are free to choose M = \a\ as 
large as we like and therefore the higher power of (£) will not cause a problem. Thus for 
all multi- indices /3, 7 G Z+, all e G (5,1) and all \a\ > ^ztj, we have 

where the constant Cg )7 does not depend on t. 
Finally to estimate R~,(t,x, £) one defines 

!/, £, = (a - 1/) • C + y, = (re - y) ■ (V x¥ >(x, + + <p(v, ~ <f(x, 0- 



It follows from assumptions | ( i ) | and | ( ii) | on the phase function ip that if we choose e < r/2Co, 
then since \x— y| < e in the support of x, one has (using that we are in the region \(\ ^ r(£)) 

|V„*| = I - C + V V <P ~ Vx<p\ < 2C 2 (|C| + (0), and 

|V„*| > ICI - |V^ - VM > \ Id + - Cok - y|) (0 ^ C(|C| + <£»• 

Now, since \dy(p(y, 0\ ^ C/3(0> f° r an Y /5 we have the estimate 

(21) \dl{e-^ x ^dy^y^)(x,y,o\ < (0 W - 

For M = I a I > we also observe that 

(22) |r Q (t,x,£,C)KC Q . 

For the differential operator defined to be t L y = z|Vj / , I / |~ 2 Yll=i(®Vj^)®Vji induction shows 
that Ly has the form 

L v = iv E Pwtf* where p ^= E ^(v^raj 1 *...^*, 

1 " 1 \P\^N \u\=2N 
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= 2N, \5j\ ^ 1 and YIm I^j'I + \P\ = 2-/V. It follows from assumption (ii) on 92 that 
\P/3,n\ < C(IC| + (0) 3JV - Now Leibniz's rule yields 



J(x-y)-C 



1-5 



dydC 



_C_ 
(0 



r a (i,a:,f,C) 



x E (e-^^'^^e^^^^x^-^dydC 

7l+72=« 

x E ^[(e-*^'« J D^e 4,I> ^^)) J DT; 2 x(x-y)]dydC. 

7l+72=a 







It follows now from (21) and (22) that 



R*(t,x,o\^c [ I (ici + (e))- Ar (e) |a| dydc <c(o H [ \cr N &c 

J\C\>r(£) J\x-v\<e J|C|>r(() 



'ICI>r<0 J\x-y\<e 

< a(o |a|+n-iV 



which yields the desired estimate when N > \a\ + n. For the derivatives of -R„(i, £), we 
can get, in a similar way to the case for R^, an extra power of £, which can be taken care 
of by choosing N large and using the fact that \x — y\ < e. Therefore for all multi-indices 

\dPd2Ri(t,x,0\^C^ 



(23) 



where the constant C$ a does not depend on t. The proof of Proposition 3.1 
complete. 



is now 

□ 



To prove (i) of Theorem 2.1 we apply Proposition 3.1 with tp = cpi, at = and Rt = . 
Observe that the phase function tp\ belongs to the class <3? 2 , which implies by the mean 
value theorem and homogeneity in £, that there exists a constant C2 > such that 



(24) 



|v^i(x,oi < c 2 \z\. 



On the other hand, the strong non-degeneracy condition on the phase can be use to show 
that there exists a constant C\ > 



(25) 



ciKKiv^ifool, 



see for example Proposition 1.2.4 of [5j. The second hypothesis of Proposition 3.1 



is a 



direct consequence of the $ 2 condition on the phase <p±. We should also note that ip% is a 
smooth function on the support of the amplitude at = n- 

This shows us that P^T^ 1 is a Fourier integral operator with phase ip\ and amplitude 
of the form 



^)9(tVMx,0)e ttv ^ yv + V "-ra a (t,x,0+t»r(t,x,0. 



0<\a\<M 

We define Wf t to be equal to the Fourier integral operator with phase (pi and amplitude 



(26) 



E 



vO<|a|<Af 



a I 



a a (t,x,0 + t tl r(t,x,Z) 
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(27) {e{ti)e il ^ - B(tVMx, £)K tv ^>^ ^ 
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Clearly then [T^,P t v 



By Proposition 



3.1 



= v? + wi t . 

the amplitude (26) is in Sqq{ti,\) with semi-norms which have a 



re form t E for some small e > 0. Therefore, using Theorem 1.5 



dependence on t of t 

II^T t(/)lli 2 (K™) ~ * e ||/lli/ 2 (R™)- To complete the proof of (i) we also need to prove Q, but 
as this is q uite long, we wil l firs t dispose of (ii) and (iii)| 

we apply Proposition 3.1 with at(£) = ip(t^)e lt ^ u '//(£) and 



To prove (ii) 



of Theorem 



2.1 



p chosen to be radial, supported on an annulus and such that p(tV x <p(x,Q) = 1 for all 
£ £ supp (at) and all x G M n . This is possible again since (f2 satisfies the hypotheses of 
Proposition 3.1 on the support of p, as discussed previously. If we set [/" equal to the 
Fourier integral operator with phase ip2 and amplitude 4>(t^)e lt ^' u p(Cj then the amplitude 
of RtUt is of the form 

0<|a|<M 
* — * cd 

0<|a|<M 

Therefore i? t C/« = I^Q« - W« and || W$ it U)\\v m < ?\\f\\i?<F) ** before. Since a t is 
smooth and compactly supported, 1 1 C/" (/) 1 1 i 2 (R" ) i$ ll/lli 2 (R n ) with an implicit constant 
that grows at most polynomially in u (we can see this by applying, for example, Theorem 



1.5). 



To prove (iii)| of Theorem 2.1, first observe that by the mean- value theorem we have 
that 

\m(t, y, u, v) — m(t, x, u, v)\ < \y — x\ 

with an implicit constant that is independent of t, u and v. This is because df£m(t, x, u, v) 
is bounded. Using this, we compute 



W^(f)(x)\ = \[R t ,M m ](f)( a 



where 



< 



<t 



t~ n p 



t 

x-y 
t 



m(t,y,u,v) - m(t,x,u,v))f(y)dy 
x-y' 



t 



-\f(y)\dy, 



p(x) 



The estimate || W 3 "f {f)\\ L 2, 



<t 



L 2 (R") 



now follows from Young's inequality since the 



L 1 -norm of x i— > t~ n p(x/t)x/t is independent of t. 

Now to complete the proof of Theorem 2.1 it only remains to prove ([8]). Remembering 
that the amplitude of V t v is given by (27), let us define 

where recall that 9 G C(J°(M n ) is such that supp# C {|£| ^ 5} and that 6 is constant on 
{|£| ^ 4}. We want to study the validity of the quadratic estimate Q for the Fourier 
integral operator 



V t v (f)(x) = J p(0a v (x,t0e^^f(m- 
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Observe that 



where 



Thus 



V t v f = V t v jf + V t yf, 

where V t v j and V^j are the Fourier integral operators with amplitudes ^(£,)ai(x,t^)e ltv ^ 

and 6(y x ifi(x, S t ))a I (x, £)a*(£) respectively. Thus, it suffices to prove the desired quadratic 
estimate for Vfj and V^g separately. This will finally be achieved in Propositions 



3.9 below, but to help us in this task we shall first prove some technical lemmas. 



3.5 



and 



Lemma 3.2. For multi-indices \a\ + \/3\ ^1 and for any N%, . . . , N\ a i + \p\ G [0, oo) ; 

d^e(tv xipi (x,o)\< E v\z\ j - {a Htzr Ni - 

3=1 

Proof. Let d = \a\ + |/3| be the order of derivatives. Observe that for any j = 1, . . . , n, 
d^9(tV x <fi(x,0)\ =t\(V9(tV x i Pl (x,C)),d^V x ip 1 (x,0) 

<t(tv x Mx,or Ni <m)- Ni - 

Similarly, we have 

d^itV^ixr,^ =t\(V9(tV xipi (x : 0),d Xj V xV i(x,0)\ <t(tO~ Nl |£| ■ 

So the inequality holds for multi-indices with order d = 1. Assume that it holds for multi- 
indices of order smaller than d. Let us prove that under this assumption it holds for those 
of order d too, thus by induction, the lemma will be proved. 

Assume that \a\ ^ 1 and let ay ^ 0. Let a the multi-index that at = otk for j 7^ k and 
otj = ctj — 1. Then, 

d^d^e(tv x Mx,0) = tdfd^(ve(tv x M^O),d^v x Mx,0) 

= t E E E ^(^^(^(^.WL^e)))^^^^^^))] 

k Qi+Q2=« Pl+^2=P 

Then 

_ M+|/?i| 

^?(tv^i(x,o)|<< E E c ^ E ^ier |Qll (*0"^ier |a2l + 

oi+a2=<5 Pi+P2=P 3=1 



+ t(d k 9)(tv x Mx,0){dfd^dl <Xk M^0) 



\&\+m 

3=1 

< E « , "ifr N <*o- Arj - i +*ifi 1 " |a| <«>" 2Vo . 

For lal =0, the result follows from a similar argument. We omit the details. □ 
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Let C\ and C2 be the constants appearing in (25) and (24). We are free to assume that 
Ci < 1 < C 2 . 

Lemma 3.3. The following statements hold: 

(i) The function 0(V x (fx(x, £)) is supported inW 1 x ^ and it is constant on 

Rnx {l^K^}- 

(ii) There exist ip G C(J°(IR n ), < r' < 4 and 5 < R' < 00 satisfying that suppip C 
{|£| < -0 = on {|£| < r'} and 

(28) <7/(x,0 = o-j(x,0£(0- 

Proo/. Observe that ^ < 4 ^ 5 ^ ^. If |£| > ^, then \V x <pi(x,£)\ ^ C x \£\ > 5, which 

yields that for any x G W 1 , 9(V x (pi(x,£)) = aj(x,^) = 0. On the other hand, if |£| < 

then \V x (fi(x,^)\ ^ C2 |£| < 4, which yields that for any x G M" - , #(V x (x, £)) is constant 
and £) = 0. 

The last assertion follows by taking 1(1 G Cg^M") such that is equal to one on the set 

{c^ < If I < ik} and lt is ec l ual to 011 (If I < r '} with r ' < CJ- D 

Define o"i(x, £) = t£) and let T CTt be the Fourier integral operator with amplitude 
at and phase function (pi(x,£). 

Lemma 3.4. Ift^l,at€ Si (n, 1) uniformly on t. That is, for any multi-indices a, (3 



(29) 

As a consequence 
(30) 



sup sup 

0<t<l x 



SUp 11^11^2^2 = C < +OO. 
0<t<l 



Proof. Suppose first that we have shown that ctj G Si (n, 1). Observe that, for i < 1, 
(tO > t(0. Then, 

d^d^a t (x,0 = t |a| (5f^a/)(x,t0 ^ Ct^(tO~ H < (0" W - 

To prove that 07 G ^^(n, 1), it is sufficient to prove that 0(V x (pi(x,£))i/j(£) G 5° (n, 1) 

with ip as in (28), since we can then see 0(£)V>(£) G (n, 1) as a special case of this. The 
result will follow if we prove that, for any pair of multi-indices a,/3, 

sup (0 H sup d?d? (9{V xCpi (x,0)) <+oo. 



But Lemma 3.2 yields that, for iV ^ |a|, 
^(e(V^i(s,0) 



where 



M 1/31 
i=l i=l 



The last assertion of the lemma follows from (|29|) and Theorem 1.5 
Proposition 3.5. For any f G L 2 , 



□ 



sup 



\v v fll 2 d *V < 

I V t,lJ\\ L 2 ~jT J r^j 



L 2 
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Proof. Observe that by Lemma 3.3 T at (r tv f) (x) = T at * /) (x), where Vt (£) 
ij)(t£ > )e ltv ^ and Tt v f(x) = f(x — tu). Then, (30) and the properties on ip yields 



I' f |r CTt (w)(x)| 2 dx^ c /' / \r t 

JO JM. n 1 JO JR n 



* f(x)\ 2 dxy 



^ c 



w*m\ 2 dxj<c">-" 2 



L 2 



Finally observe that Vfcf = T at {r tv Sf) where Sf(x) = J MO/CO 6 *"^ > which is a 
bounded operator on L 2 , so the proposition is proved. □ 

We now turn our attention to V^j. We will make use of the following lemmas. 
Lemma 3.6. For any multi-indices a and j3, 

max(H+|/3|,l) 



Proof. For a = f3 = 0, 



< 



E 

3=1 



3 \ f:\j-H 



With a similar argument as that of the proof of Lemma 3.2 , we prove that, for |a| + \f3\ 1, 

< E M^r H - 



q x 



3=1 



A similar estimate holds for e lv ^. From these estimates, the lemma follows. 
Lemma 3.7. Let t ^ 1. Let 

at{x,0 = M(O0(tV x¥ >i(s,OM(z,*O- 

Then at £ Sq (n, 1) and 



(31) 



sup 

0<t<l 



where P a< p{r) = T,j=i 



min(|/3|+H,l) j 



Proof. Observe that a v M {x,t^) = a 1 ^ and also that at is supported in 



D f 



Lemma 3.2 and Lemma 3.6 yield that for any (Gflj, 

I/3I + M 

d^e(tv x Mx,0)\< E ir H |t£l J <i, 

3=1 



and 



d^af(x,0 



min(|j8[+|a[,l) 

< E (Niei) J . 

i=i 



Thus, Leibniz's formula yields (31). 



□ 



□ 
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Lemma 3.8. Let t 1 and let < s < oo. Let tp G C°°(M n ) suc/i that ip is supported in 
- < |f | < and sttcfc tfierf / °° |^(^)| 2 f = 1 for £ ^ 0. Consider 



Then 
(32) 



d%d£a S! t{x,0 < P a:/3 (\v\)mm [ -, - 



Proof. Observe that a Sj i is supported in 



D 



8,t 



sCi 



<l£l<^n^|<-^n{|£|>i}. 



ad 



tCx 



Then if t ^ s then tp(s£)9(tV x <pi(x,£)) = and then, (32) trivially holds. For s > t and 



min(|/3|+H,l) min(|/3| + H,l) 

^^(x,o|< £ (Niei) j < E 

j=l 3=1 



t\v\ 
s 



j . min(|/3|+|a|,l) 



< 



£ 

3=1 



by Lemma 3.7 



□ 



Proposition 3.9. Let {V^w}o<t^i veM. n be the family of operators defined by 

v t yf(x) = J ^^(^^(i.ox^o/lo^ 1 ' 1 '^- 

There is a polynomial V such that for any v G M n and any / G L? , 



Proof. Theorem 1.5, Lemma 3.7 and Lemma |3.8| yield that there exist two polynomials 
V\ and 7*2 such that, for any v G W 1 , 

™p ||^>|| i2 ^ 2 <Pi(M) 

0<t<l 

and, for < t ^ 1, < s < oo, 

HWs|| L2 ^ L2 <P 2 (M)min 

where Q s denotes the convolution operator with kernel ips{x) = s~ n ip(x/s), where i/j 

Hence, defining = for t > 1, we can apply 



s t 

T > — I ' 

I S . 



3.8 



satisfies the conditions in Lemma 
Corollary 8.6.4 in [B] to conclude that 



\Vt\f\ 



2 dt 

L 2 T 



(Pi(H)+p 2 (H)) 



L 2 ■ 



□ 
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